Abstract: Here, we make an attempt to study the explicit factorization of 2 n .7-th cyclotomic polynomials over finite field F q when q ≡ 3(mod 4) into a product of distinct monic irreducible polynomials, where q is a power of an odd prime which is relatively prime to 7.
Introduction
Let θ denote a primitive n th root of unity. The n th cyclotomic polynomial Q n (x) is defined as Q n (x) = 0<i≤n, (i,n)=1
Clearly the degree of Q n (x) is ϕ(n), where ϕ(n) denotes the Euler's phi function.
Let q be a power of an odd prime p. Factorization of cyclotomic polynomials over finite fields have been studied extensively by many authors. For example, explicit factorization of Q 2 n (x) into a product of irreducible polynomials over Received: June 4, 2015 c 2015 Academic Publications, Ltd.
url: www.acadpubl.eu § Correspondence author F q are given in [5] when q ≡ 1(mod 4) and in [1] for q ≡ 3(mod 4). Fitzgerald and Yucas (see [6] ) have studied the explicit factorization of Q 2 n .r (x), where r is a prime and q ≡ ±1(mod r) over F q . Liping Wang and Qiang Wang (see [3] ) also studied the explicit factorization of Q 2 n .5 (x) over finite fields. The factorization of Q 2 n .7 (x) over F q when q ≡ 1(mod 4) is given in [4] . There are a number of applications on this topic. Some of the computer algebra systems use factorization of cyclotomic polynomial over finite fields for computing irreducible factors of any polynomial over finite fields.
In this paper, we study how the cyclotomic polynomial Q 2 n .7 (x) splits over finite field F q , q being a power of an odd prime relatively prime to 7 and also congruent to 3 modulo 4.
Preliminary Results
We shall begin with the following lemmata from [3] and [5] which will be used in developing the main results.
of degree m and order e and let t ≥ 2 be an integer whose prime factors divide e but not (q m − 1)/e. Assume also that q m ≡ 1(mod 4) if t ≡ 0(mod 4). Then f 1 (x t ),..., f N (x t ) are all distinct monic irreducible polynomials in F q [x] of degree mt and order et.
of the same degree d where d is the least positive integer such that q d ≡ 1(mod n).
It may be noted from Guerrier's theorem (see [7] ) that if p divides n, then the irreducible factors of Q n (x) are repeated. Also, from [2] we see that Q n (α)=0 for some α in a field with characteristics p only when n = p e .k where k is the order of α modulo p. In this paper we will use some symbols with their significant meaning as given below. Let υ 2 (k) denotes the highest power of 2 dividing k and
, the highest power of 2 dividing (q ϕ(r) − 1) with ϕ(r) the Euler's phi function. Let Ω(k) denote the set of primitive k th roots of unity.
Lemma 3. Let q = p n be a power of an odd prime p. Let r ≥ 3 be any odd number such that (r, q) = 1 and let L := L ϕ(r) = υ 2 (q ϕ(r) − 1) the highest power of 2 dividing (q ϕ(r) −1) with ϕ(r) the Euler's phi function. For any n ≥ L and any irreducible factor f (x) of Q 2 L .r (x) over F q , f (x 2 n−L ) is also irreducible over F q . Moreover, all irreducible factors of Q 2 L .r (x) are obtained in this way.
Main Results
When we study the factorization of the cyclotomic polynomial Q 2 n .7 (x) over F q when q ≡ 3(mod 4), we need to consider six different cases depending on the values of q.
First of all, we consider the cases for q ≡ ±1(mod 7) and q ≡ 3(mod 4) i.e. q ≡ 15(mod 28) or q ≡ 27(mod 28), we get L 1 = 1, L = 3 + υ 2 (7k + 4) or L = 3 + υ 2 (k + 1), respectively for some k. We obtain the irreducible factors as linear, quadratic or a power of 2.
Theorem 4. Let q ≡ 1(mod 7) and q ≡ 3(mod 4). Then we have the following factorization of Q 2 n .7 (x) over F q .
(i) For 0 ≤ n ≤ 2, we have
Proof. As q ≡ 1(mod 7), we have
Then as q 2 ≡ 1(mod 2 3 .7), by lemma 2, each irreducible factor must have degree 2. So, let ( However, q ≡ 7(mod 8) implies that 2 is a square in F q . Similarly, -2 is a square in F q if q ≡ 3(mod 8). Also ω ranges over Ω(7) implies that ν ranges over Ω (7) . Hence, we can write
if k is even.
When k=odd, then L=3 and hence lemma 3 gives the rest of the proof of the
Let ω = u 2 . Then, one can easily show that for 4 ≤ n ≤ L − 1
Therefore, for k even and 4 ≤ n ≤ L − 1, we get
together yields the rest of the proof.
Theorem 5. Let q ≡ −1(mod 7) and q ≡ 3(mod 4) and ω ∈ Ω(7). Then we have the following factorization of Q 2 n .7 (x) over F q .
(i) For n = 0 and 1, we have
. Then, lemma 2 implies that Q 2 n .7 (x) factors into ϕ(2 n .7)/2 distinct irreducible polynomials over F q . Also ω q+1 = 1 implies that ω j + ω −j ∈ F q for j = 1, 2, 3. Hence, we have
Therefore
For n > L, lemma 3 gives the rest of the proof of the theorem for k=even. Let k=odd. Then L 3 > 3. Suppose 3 ≤ n ≤ L − 1 and work inductively. Let a n = ρ 2 ρ n ω j + (ρ 2 ρ n ω j ) −1 . Since ρ n q+1 = 1, then (ρ 2 ρ n ω j ) q+1 = 1 for 3 ≤ n ≤ L − 1. Hence a n ∈ F q . Moreover x 4 + a 2 x 2 + 1 = (x 2 + a 3 x + 1)(x 2 − a 3 x + 1) where
(x 2 + a 3 x + 1).
Also we note that ρ n−1 ranges over Ω(2 n−1 ) iff ρ 2 ρ n−1 ranges over Ω(2 n−1 ) for n ≥4. For n ≥4, (ρ 2 ρ n−1 ) 2 n−1 = (ρ n−1 ) 2 n−1 = 1 and (ρ 2 ρ n−1 ) 2 n−2 = (ρ n−1 ) 2 n−2 = 1 . This simplifies that
Now we can see that 2 − a n 2 = ρ n−1 ω j + (ρ n−1 ω j ) −1 which is one of the a n−1 's as ρ n−1 ranges over Ω(2 n−1 ) for n ≥4.
For n > L, lemma 3 and Q 2 n .7 (x) = Q 2 L .7 (x 2 n−L ) together gives the rest of the proof.
Further, we consider the cases when q ≡ 2,-3(mod 7) and q ≡ 3(mod 4) i.e. q ≡ 23(mod 28) and q ≡ 11(mod 28). Then, we get L = 3 + υ 2 (7k + 6) or L = 3 + υ 2 (7k + 3) for some k according as q ≡ 23(mod 28) or q ≡ 11(mod 28) and L 1 = 1. In these cases, we find that the degree of the irreducible factors are of the form 3.2 m for some m.
Theorem 6. Let q ≡ 2, −3(mod 7) and q ≡ 3(mod 4) and ω ∈ Ω(7). Then we have the following factorization of Q 2 n .7 (x) over F q .
(i) For n = 0 ,1 and 2, we have
an,bn,cn,dn,en
where a n , b n , c n , d n , e n satisfy the following non-linear recurrence relations 2b n − a 2 n = a n−1 ,
L , e L satisfy the following system of non-linear recurrence
Proof. Let ω ∈ Ω(7) then ω ∈ F q . And it is clear that (ω + ω 2 + ω 4 ), (ω 3 + ω 5 + ω 6 ) ∈F q . For 0 ≤ n ≤ L − 1, q 3 ≡ 1(mod2 n .7). Hence we have Q 7 (x) = j=2k−1, k=1,2 (x 3 − (ω j + ω 2j + ω 4j )x 2 + (ω 3j + ω 5j + ω 6j )x − 1) and Q 2.7 (x) = j=2k−1, k=1,2 (x 3 + (ω j + ω 2j + ω 4j )x 2 + (ω 3j + ω 5j + ω 6j )x + 1). By lemma 1, the factors for
are irreducible over F q . For 3 ≤ n ≤ L − 1, by lemma 2 each irreducible factor must have degree 6 and also we note that Q 2 n .7 (x) = Q 2 n−1 .7 (x 2 ). Therefore we need to consider only the following factorization (x 12 + a n−1
. Since all the roots of an irreducible factor are the conjugates of a primitive 2 n .7-th root of unity, a 0 and b 0 are of the form β (1+q+q 2 +q 3 +q 4 +q 5 ) for some primitive 2 n .7-th root of unity β. We note that 2 n .7 . Therefore, (x 12 + a n−1 x 10 + b n−1 x 8 + c n−1 x 6 + d n−1 x 4 + e n−1 x 2 + 1) = (x 6 + a n x 5 + b n x 4 + c n x 3 + d n x 2 + e n x + 1)(x 6 − a n x 5 + b n x 4 − c n x 3 + d n x 2 − e n x + 1) satisfying the following non linear recurrence relations 2b n − a 2 n = a n−1 , 2d n − 2a n c n + b 2 n = b n−1 , 2 − 2a n e n + 2b n d n − c 2 n = c n−1 , 2b n − 2e n c n + d 2 n = d n−1 and 2d n − e 2 n = e n−1 . Finally for n = L, 2 L .7 ∤ (1 + q + q 2 + q 3 + q 4 + q 5 ) and 2 L−1 .7 | (1 + q + q 2 + q 3 + q 4 + q 5 ). So, a 0 = b 0 = −1. Hence, we have
Then, for n > L the result follows from lemma 3 and
Lastly, we consider the cases when q ≡ -2,3(mod 7) and q ≡ 3(mod 4) i.e. q ≡ 19(mod 28) or q ≡ 3(mod 28). Then, we get L = 3 + υ 2 (7k + 5) or L = 3 + υ 2 (7k + 1) respectively for some k and L 1 = 1. For these cases also, we obtain that the degree of the irreducible factors are of the form 3.2 m for some m.
Theorem 7. Let q ≡ −2, 3(mod 7) and q ≡ 3(mod 4), then we have the following factorization of Q 2 n .7 (x) over F q .
L , e L satisfy the following non-linear recurrence rela- Proof. It is clear for Q 7 (x) and Q 2.7 (x). For 2 ≤ n ≤ L − 1 and n ≥ L, by proceeding the same process as in theorem 6, we obtain that the factors satisfy the recurrence relation of (ii) and (iii) respectively with initial values a 1 = −1, b 1 = 1, c 1 = −1, d 1 = 1, e 1 = −1. Now, as an illustration of some of our results, we provide the following tables of examples which we carried out the computation by using MATHE-MATICA software. The coefficients (a n , b n ) for quadratic, (a n , b n , c n ) for cubic and (a n , b n , c n , d n , e n , f n ) for factor having degree 6 of the irreducible factors of Q 2 n .7 (x) over F q where q =83 and 67 for Theorem 5 and 6 respectively. Example 1. Factorization of Q 2 n .7 (x) over F q when q = 83. 
